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Birefringent filter synthesis by use of a digital filter
design algorithm

Rui Hong Chu and Graham Town

We present an efficient method for designing birefringent filters comprising a number of birefringent
sections with equal length and arbitrary orientation between two polarizers and for producing a specified
spectral response in transmission. The method uses a digital filter design algorithm �i.e., the Remez
algorithm� to determine an optimal polynomial approximation to obtain a specified finite impulse re-
sponse, and a layer-peeling algorithm to calculate the filter structure parameters. The design procedure
is demonstrated for a 14-section bandpass filter with sidelobes below �40 dB. The influence of errors in
length and orientation of the birefringent sections on the filter’s spectral response is also discussed.
© 2002 Optical Society of America

OCIS codes: 230.0230, 120.2440, 260.1440, 070.6020.
1. Introduction

Birefringent filters �BFs� are based on the control of
polarized light by use of a stack of birefringent ele-
ments with their optical axes rotated with respect to
each other. The first type of birefringent filter was
proposed by Lyot,1 consisting of a number of alter-
nating polarizers and birefringent crystals. Each
crystal in the stack has a length that is twice that of
the preceding one and has the same orientation of
their principal axes, which are oriented at an azi-
muth angle of 45° relative to the polarizer axis. An-
other classic birefringent filter is the Solc filter,2
which consists of a number of identical birefringent
crystals between an input and output polarizer. The
axes of each crystal rock back and forth or are ori-
ented at a prescribed azimuth. Both of them have a
particular periodic structure, therefore tuning of the
spectral response is limited to the filter’s bandwidth
and free spectral range.

Classic birefringent filters have been used exten-
sively to obtain narrowband spectral observations in
astronomical research, however, the classic filter de-
signs cannot provide adequate control over the filter
spectral response in other applications. For exam-
ple, in optical communication systems optical filters
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are commonly used for gain equalization, dispersion
compensation, and channel add�drop in wavelength
division multiplexed �WDM� systems, with each ap-
plication having widely different requirements on the
filter spectral response. WDM is a key technology in
advanced optical transmission systems, and filters
are key components in such systems. Birefringent
filters have found limited applications in WDM sys-
tems to date. A two-channel, three-port wavelength
selective multi�demultiplexer birefringent filter with
a free spectral range of 326 nm, pass�stop bands of 36
nm and 45 nm and approximately 1373.2 nm and
1533.3 nm, respectively, was reported in Ref. 3. A
tunable liquid-crystal birefringent filter for WDM ap-
plications was reported in Ref. 4, which had a tuning
range of 69 nm �1520–1589 nm� and a 3-dB peak
bandwidth of 6 nm. The latter birefringent filter
had a similar configuration to the Solc filter, and was
therefore limited in performance and tuning. Sev-
eral other types of filters have dominated applica-
tions in WDM systems to date. These include
dielectric multi-layer thin film filters,5 cascaded
Mach–Zender interferometric filters and demulti-
plexers,6 acoustic-optic filters,7 and fiber Bragg grat-
ing filters.8 Nevertheless, birefringent filters have
some significant advantages over the others, i.e., they
have a periodic spectral response and operate in
transmission. Birefringent filters therefore are nat-
ural choices for applications in WDM systems and
usually avoid the losses and expense incurred with
optical circulators.

For applications such as in WDM transmission sys-
tems, a generalized birefringent filter design proce-



dure is required. Evans provided a complete
theoretical description of the Lyot and Solc filters.9
For the design of birefringent filters, Harris et al.
made a significant contribution.10 They described a
generalized synthesis procedure for BFs specified by
their impulse response, however, it was limited by an
assumption requiring the birefringent sections to be
of equal length, and consequently could only realize
filters with real coefficients and even symmetry in
their spectral response. Furthermore, Harris et al’s
design procedure used a Fourier series approxima-
tion to calculate the filter coefficients, and therefore
required high-order filters �i.e., with many birefrin-
gent sections� to obtain low sidelobes. Last, an in-
efficient method for solving n-simultaneous
equations was used to determine the structure of an
n-order filter.

In this paper, we proposed a new method for de-
signing birefringent filters with any specified spectral
response. Beginning with the Jones formalism, we
derive the polynomials representing the filter spec-
tral responses. The Remez algorithm is used to ap-
proximate the polynomials producing the minimal
uniform sidelobe level for a given number of birefrin-
gent sections. For example, for a linear-phase, 44-
section bandpass filter, the Remez algorithm gives
uniform sidelobes 8 dB lower than the first sidelobe of
a filter approximated by the Fourier series. A layer-
peeling algorithm is then used to calculate the filter
structure �i.e., orientation and length of each birefrin-
gent section� from the polynomial coefficients. Only
two equations need to be solved to obtain the orien-
tation angle of each layer. It makes the calculation
much simpler than previous synthesis methods, par-
ticularly for high-order filters.

The paper is organized as follows: In Section 2 the
theoretical analysis of our method is described in
detail, composing the Jones formalism expression of a
BF, the derivation of the transfer matrix, forward
transform, inverse transform, polynomial design, and
a discussion of several important design parameters.
In Section 3 an example is given to illustrate the
design procedure. In the Section 4 we discuss the
influence of fabrication errors of section length and
orientation angle on the resulting spectral response.

2. Design Algorithm

In this section we describe how to derive the polyno-
mial representation of the transfer function of bire-
fringent filters by use of the Jones formalism. This
is the cornerstone of the design algorithm. The two
derived polynomials in the transfer matrix corre-
spond to the transmitted and rejected response of a
filter, respectively. Then, we use the Remez algo-
rithm to approximate the polynomial and obtain the
filter coefficients. Once the coefficients are ob-
tained, the orientation angle of each birefringent sec-
tion can be determined by the layer-peeling
algorithm that gives an efficient solution to the filter
design problem.

A. Transmission of Birefringent Filters Expressed in
Jones Formalism

A birefringent filter is modeled as a series of
n-identical birefringent sections shown in Fig. 1.
The fast axis of each section is oriented at an arbi-
trary angle �1, �2 . . . �n with respect to the direction
of the input polarizer, which is defined as the x axis in
Fig. 1. �p is the orientation angle of the analyzer
with respect to the x axis, and the z axis is the prop-
agation direction of the light.

Let the light travel along the z axis in a rectangular
coordinate system. The face of each birefringent sec-
tion is normal to the z axis. The electric field vectors
of the light after the analyzer can be expressed as

�EA1

EA2
� � R��p� M��i, ��Px�Ex0

Ey0
� . (1)

Here Ex0, Ey0 are the input, EA1, EA2 are the trans-
mitted and rejected components of the analyzer,
R��p� is the matrix representing the rotation by the
angle �p, which is defined as

R��p� � � cos �p sin �p

�sin �p cos �p
� . (2)

Px denotes the input polarizer transmitting the elec-
tric vector parallel to the x axis, defined as

Px � �1 0
0 0� . (3)

M��i, �� is a matrix product of a series of rotations
and retardations caused by a stack of birefringent
sections, hence

R��p�M��i, �� � R��p��R���n�R�R��n�� · · ·

�R���2�R� R��2���R���1�R�R��1��,

� R��p � �n�R�R��n � �n�1�R� · · ·

R��2 � �1�R�R��1�,

� �R��n�R���R��n�1�R�� · · ·

�R��1�R��R��0�,

� QnQn�1 · · · Q1 Q0. (4)

Fig. 1. Birefringent filter configuration.

10 June 2002 � Vol. 41, No. 17 � APPLIED OPTICS 3413



Here the relative rotation

R��i� � � cos �i sin �i

�sin �i cos �i
� ,

and the retardation

R� � �ej��2 0
0 e�j��2� .

From Eq. �4� we see the matrix product of the ana-
lyzer and a stack of birefringent sections R��p�M��i,
�� can be expressed as the product of �n 	 1� unitary
matrices Qi �i 
 0, 1 . . . , n�. In other words, the
polarization state of the output light is determined by
the unitary operator R��p�M��i, ��, which corre-
sponds to the transfer function of the filter. We an-
alyze the unitary matrix Qi in Subsection 2.B to find
a more convenient form of the filter transfer function.

B. State-Space Description of Birefringent Filter

Because both the filter operator R��p�M��i, �� and the
matrix Qi are unitary, we let

R��p�M��i, �� � ��n ��n*
�n �n* � ,

Qi � � ci �di*
di ci* � , (5)

in which * donates the conjugate. The filter transfer
function in Eq. �4� may be rewritten as

��n ��n*
�n �n* � � � cn �dn*

dn cn* �� cn�1 �dn�1*
dn�1 cn�1* � · · ·

� c1 �d1*
d1 c1* �� c0 �d0*

d0 c0* � , (6)

in which �c.c* 	 d.d*� 
 1. Owing to the symmetry
of the matrices, the same information can be repre-
sented by either column of the transfer matrix
R��p�M��i, ��. The output light at a given birefrin-
gent section of a filter may be represented by a 2  1
vector rather than a 2  2 matrix. Therefore the
transfer matrix of the filter is considerably simplified
as

��i

�i
� � � ci �di*

di ci* ���i�1

�i�1
� . (7)

This is the recursive description in the state space
of the BF, which exhibits how the outputs of the
section i of a filter depend on the structure parame-
ters and the outputs of section i � 1. In other words,
if we know the outputs and inputs of the filter section
i, the structure of the section i can be determined.
The layer-peeling method11 described in Subsection
2.D will be an efficient way to solve for the structure
parameters of every section of the filter.

C. Forward Transform Algorithm

The key step of the design algorithm is to transfer the
matrix-vector product into polynomials �i�z� and

�i�z�. Therefore the problem of the filter design is
reduced to finding the coefficients of the polynomials.

Now we analyze the unitary matrix Qi first. As
mentioned above, the matrix Qi is composed of the
rotation matrix R��i� and the phase shift R��� of each
birefringent section,

Qi � R��i�R� � z1�2�Ci �Si

Si Ci
��1 0

0 z�1� (8)

where Ci 
 cos �i, Si 
 �sin �i, and z 
 exp�j�� 

exp�j2�f��nL�c�� in which c is the light speed in the
vacuum, L is the length of each birefringent section,
�n is the birefringence, and f is the frequency of the
light. When Eq. �8� is substituted into Eq. �7�, the
recursive description becomes12

��i

�i
� � z1�2�Ci �Si

Si Ci
��1 0

0 z�1���i�1

�i�1
� . (9)

Defining �i 
 zi�2 � Ai, �i 
 zi�2 � Bi, the recursion may
be reduced to

�Ai

Bi
� � �Ci �Si z

�1

Si Ci z
�1 ��Ai�1

Bi�1
� . (10)

Given i 
 0, 1, . . . , n, Eq. �10� is shown as following:

�A0

B0
� � � cos �1

�sin �1
� ,

�A1

B1
� � �C1 cos �1 � S1 sin �1 z�1

S1 cos �1 � C1 sin �1 z�1� ,

· · ·

�An

Bn� � ��i
0

n

aiz
�i

�
i
0

n

biz
�i� . (11)

in which �i 
 �i	1 � �i �i 
 0, 1, . . . , n, �n	1 
 �p,
�0 
 0� is the relative rotation angle, and ai and bi are
the coefficients of nth-order polynomials An�z� and
Bn�z�. From the above derivation we can see that
the filter transfer function can be described by two
nth-order z polynomials that are the same as those of
FIR �finite impulse response� digital filters. Hence
the digital filter design algorithm may be taken to
approximate the polynomials.

D. Inverse Transform of Birefringent Filter

Given the structure of a filter, including the length
and orientation angle of each section, the two poly-
nomials can be easily obtained by the matrix product
�i.e., forward problem�. The objective of the inverse
transform algorithm is to design a birefringent filter
with the frequency response specified by An�z� or
Bn�z�.

As presented previously, Eq. �10� is the forward
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recursion of a birefringent filter. Inverting Eq. �10�
gives

�Ai�1

Bi�1
� � � Ci Si

�Si z Ci z��Ai

Bi
� � � CiAi � SiBi

��SiAi � CiBi� z� .

(12)

At any stage of the backward recursion, we know the
coefficients of Ai�z� and Bi�z�. Because Ai�1�z� and
Bi�1�z� are the lower-order polynomials, the leading
term in Ai�1�z� and the low-order term in Bi�1�z�
must be drop out

CiAi,i � SiBi,i � 0,

�SiAi,0 � CiBi,0 � 0. (13)

These two equations are equivalent. Thus the rela-
tive angle of every birefringent section can be deter-
mined by either of them

�i � tg�1�Ai,i

Bi,i
� � tg�1��

Bi,0

Ai,0
� , (14)

in which Ai,i, Bi,i are the coefficients of ith items in
ith-order polynomials, and correspondingly, Ai,0, Bi,0
are the coefficients of 0th items in ith-order polyno-
mials. After substituting the coefficients of Ai�z�,
Bi�z� and �i back into the Eq. �12�, the coefficients of
the polynomials Ai�1�z�, Bi�1�z� can be worked out
and the angle �i�1 can be found. Finally, the orien-
tation angle of each section can be calculated by

�p � �n � �n,

�n � �n�1 � �n�1,

· · ·

�2 � �1 � �1,

�1 � �0. (15)

Thus the design an the n-section birefringent filter
with a specified spectral response can be transferred
into two nth-order polynomials design. In Subsec-
tion 2.E we will describe the design of these two
polynomials.

E. Design of Polynomials An�z� and Bn�z�

Before we present the method of the polynomial de-
sign, the relation between the components �n�z�,
�n�z� in the transfer function and outputs EA1, EA2
should be clarified. For the filter design problem,
normally what we know if the desired frequency re-
sponse of a filter, namely the spectral response of EA1
or EA2 here. How can we transfer the spectral re-
sponse of EA1 or EA2 into that of the polynomials �n�z�
or �n�z� derived from the above analysis? Because
the input polarizer is along the x axis and assuming
the input light is unity, substituting Eq. �5� into Eq.
�1� gives

�EA1

EA2
� � ��n ��n*

�n �n* � �1
0� � ��n

�n
� , (16)

which shows the outputs EA1, EA2 are equal to the
polynomials �n�z� and �n�z�. The only difference be-
tween An�z�, Bn�z� and �n�z�, �n�z� is a phase shift zi�2,
which is equivalent to introducing a pure time delay
for every section in the time domain, and does not
change the transfer function of the birefringent filter.

The problem of finding the best polynomial approx-
imation to a specified filter response is common in the
context of digital filter design. The Remez exchange
algorithm13 is an efficient method for finding an ap-
proximation that minimizes the maximum amplitude
error for the filters with linear phase response, and it
may be used to calculate the coefficients of the poly-
nomial Bn�z�. For a low pass filter, once the normal-
ized passband, stopband frequency, and amplitude
are given, the coefficients of the polynomial Bn�z� can
be obtained easily in MATLAB.14

Now let us consider how to work out the coefficients
of An�z� from the other polynomial Bn�z�. Assuming
the filter is lossless, we have the energy conservation
relationship

�An� z��2 � �Bn� z��2 � 1.

As Bn�z� is determined from the specified spectral
response, the �An�z��2 can be calculated from the
above equation. From the derivation of the polyno-
mials in Subsection 2.C we know the coefficients of
the polynomials should be real because the birefrin-
gent section length is uniform. Therefore the
method in Pegis’s paper15 is applied for finding the
An�z� from �An�z��2 to get a set of real coefficients.
However, the coefficients of An�z� calculated in this
way are not unique, in other words, the structures of
the BFs are not unique either. These BFs could
have different phase responses for the same ampli-
tude response, but at least one real set of polynomial
coefficients can be obtained. After the coefficients of
the two polynomials are found, the relative angles of
the birefringent sections and the analyzer can be cal-
culated by the inverse transform algorithm.

F. Several Parameters in the Design Procedure

For the sake of using this design algorithm properly,
a couple of parameters need to be emphasized in the
simulation:

1. Sampling Frequency Fs. The Sampling theo-
rem states that a signal can be sampled without loss
of information provided that the sampling rate, Fs
�Hz�, is at or above twice that of the signal bandwidth
B, that is Fs � 2B, and the Nyquist rate is half of the
sampling frequency. Using the Remez algorithm to
calculate the coefficients of the polynomial Bn�z�, the
spectral response is required to be normalized by the
Nyquist frequency.

2. Phase Factor z and Birefringent Section
Length L. As expressed in the formula z 

exp� j2�f  �n  L�c�, obviously the phase shift is
determined by the birefringence and section length.
When the birefringent section lengths L are identical,
which means that the filter coefficients are real, the
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time delay in each section is the same for a particular
wavelength of the light. Therefore the spectral re-
sponse of the filter can be expressed by a z transform.
The identical length of each section is determined by
the time delay. It can be calculated by the formula
L 
 c���n  FSR�, in which FSR is the free spectral
range of the filter. If FSR is expressed as a wave-
length, it should be an integer multiple of the center
wavelength 1550 nm. In the following example in
Fig. 2, giving FSR of 9.677  1012 Hz which corre-
sponds to 40 times 1550 nm, and the birefringence
5 � 8  10�4, the section length will be 6.2 � 3.87 cm
correspondingly.

3. Design Example

The efficient use of the optical bandwidth in WDM
communication systems requires high-performance
filters. In the following, we demonstrate the design
of birefringent bandpass filters using our design al-
gorithm.

We start by simulating the low-pass filter to calcu-

late the polynomial coefficients. Using the Remez
algorithm in MATLAB14 to design a low-pass filter, we
need to specify several parameters, namely ampli-
tude, normalized pass frequency fp and stop fre-
quency fs, according to the ideal spectral response.
If we suppose the magnitude is unity, the normalized
frequencies are �0, 0.2, 0.5, 1�, in which fp 
 0.2 and
fs 
 0.5, and the magnitudes corresponding to the
frequencies are �1, 1, 0, 0�, the ideal spectral response
can be shown in Fig. 3.

To make the stop-band ripple less than �40 dB, we
choose the number of birefringent sections N 
 14.16

With the Remez algorithm, the coefficients bi of the
polynomial Bn�z� can be calculated so as to satisfy the
above specifications. Correspondingly, one set of
real coefficients ai is calculated by the method in
Pegis’s paper. Both of the coefficients are shown in
Table 1.

After the polynomial coefficients ai and bi of An�z�
and Bn�z� have been obtained, �n can be calculated by
one of the expression in the Eq. �14�. By use of Eq.
�8�, Cn and Sn are computed. Substituting them into
Eq. �12�, a new group of polynomial coefficients of

Fig. 2. Performance of the 14-section birefringent filter �a� Nor-
malized specified response. The solid wave represents the desired
response and the dotted wave is the approximation by Remez
algorithm in MATLAB. �b� Designed response.

Fig. 3. Ideal spectral response of a lowpass filter.

Table 1. Polynomial Coefficients and Orientation Angles

Section
number

N

Coefficients of
polynomials Orientation angles

bi ai �i �radians� �i �radians�

0 0.010678 �0.004573 �0.404590 �0.404590
1 0.006331 �0.029946 �1.136400 �1.541000
2 �0.022599 �0.087570 �0.665200 �2.206200
3 �0.051031 �0.128680 0.487080 �1.719100
4 �0.015559 �0.040985 0.368530 �1.350600
5 0.114990 0.171360 �0.329260 �1.679800
6 0.277480 0.216520 0.260410 �1.419400
7 0.352060 �0.130220 1.082700 �0.336750
8 0.277480 �0.386980 0.260410 �0.076344
9 0.114990 0.069411 �0.329260 �0.405600

10 �0.015559 0.388990 0.368530 �0.037074
11 �0.051031 �0.416230 �0.487080 0.450000
12 �0.022599 0.301540 �0.665200 �0.215200
13 0.006331 �0.133740 �1.136400 �1.351600
14 0.010678 0.024936 1.166200 �0.185390
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An�1�z�, Bn�1�z� are obtained to work out the angle
�n�1. In the same way, peeling section–by–section,
we get �n�2, . . . , �0. By applying Eq. �15�, the ori-
entation angles �i of each birefringent section and the
analyzer are obtained, which are also shown in Table
1. It is observed that the filter coefficients are real,
the number of sections is N 
 14, and the angle in the
last line of Table 1 is the orientation angle of the
analyzer �p.

If we suppose that the beat length of the high bi-
refringent fiber is 1.95 mm at the wavelength 1550
nm �the corresponding birefringence is 7.95  10�4�
and the FSR of the filter is 9.667  1012 Hz. The
length of each birefringent section becomes L 

c���n  FSR� 
 38.75 mm. Together with the cal-
culated angles �i in Table 1, the spectral response of
the BF can be calculated forwardly by the Jones for-
malism and plotted in Fig. 3. Fig. 3�a� is the Remez
approximation of a low-pass filter, while Fig. 3�b�
displays the relation between the intensity and wave-
length on a logarithmic scale. The stop-band ripple
is less than �40 dB, and the bandwidth of the filter is
23.5 nm, with the center wavelength 1550 nm.

A larger number of sections would be required to
obtain a narrower bandwidth filter. Fig. 4 presents
the spectral response of the BF composed by 44 sec-
tions. The ripple of the stop band is less than �40
dB, with a bandwidth as narrow as 1.5 nm, but the
pass band becomes less flat because of the bigger
transition band.

4. Discussion

The simulated response is based on the assumption of
all birefringent sections being identical. However,
considering the practical factors, it is possible to in-
troduce errors in the section lengths and orientation
angles. Here we estimate the allowable length and
angle errors for the first example in the last section.
Fig. 5�a� shows the deviation of the filter character-
istics caused by length errors that are less than 10�5

m, and Fig. 5�b� is that of angle errors not exceeding
10�2 rad. The solid waves indicate the characteris-
tics without parameter errors, and the dashed waves
are the spectral responses affected by the parameter

errors. The errors of the section length should be
less than 10�5 m that corresponds to 0.026% of the
section length, otherwise the length errors will dis-
tort the spectrum. The errors of the rotating angle
could not be more than 10�2 rad corresponding to
0.74�29.8% of orientation angles or else the sidelobes
will increase rapidly. If the errors of the length and
orientation are less than 10�5 m and 10�2 rad respec-
tively, they almost affect the stop band rather than
the passband. However, the spectral response is
prone to be affected by the length errors. In a word
the spectral response is quite sensitive to the varia-
tions in the structure parameters so that the high
precision of fabrication is required.

5. Conclusion

A design algorithm for birefringent filters has been
presented that uses a digital filter design algorithm
to optimize the polynomial approximation and a
layer-peeling algorithm to determine the filter struc-
ture. Using the Remez algorithm for polynomial de-

Fig. 4. Response of the 44-section birefringent filter.

Fig. 5. Filter spectral response as length and angle errors are
introduced. Ideal response is represented by a solid wave and the
response with errors by a dotted wave: �a� �L � 10�5 m, �b� �� �

10�2 rad.
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sign results in minimal sidelobe levels for a given-
order filter. The layer-peeling method is shown to
be a very efficient method of determining the filter
structure compared with a previously reported meth-
od.10 Numerical investigations of the influence of
the length and orientation error on the resulting
spectral response show that the errors mainly affect
the level of the filter sidelobes under the particular
thresholds.
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